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An eient numerial algorithm on irreduible multiparty orrelations
D.L. Zhou
Beijing National Laboratory for Condensed Matter Physis,
and Institute of Physis, Chinese Aademy of Sienes, Beijing 100190, China
We develop a numerial algorithm to alulate the degrees of irreduible multiparty orrelations
for an arbitrary multiparty quantum state, whih is eient for any quantum state of up to ve
qubits. We demonstrate the power of the algorithm by the expliit alulations of the degrees of
irreduible multiparty orrelations in the 4-qubit GHZ state, the Smolin state, and the 5-qubit W
state. This development takes a ruial step towards pratial appliations of irreduible multiparty
orrelations in real quantum many-body physis.
PACS numbers: 03.67.Mn, 03.65.Ud, 89.70.Cf
Introdution. In modern physis, as is well known,
mean eld theory is not suient to desribe the physis
in a strongly orrelated many-body system [1℄, whih im-
plies that there exist rih orrelation strutures in its
quantum state. Therefore, how to haraterize multi-
party orrelations in a multipartite quantum state be-
omes a fundamental problem in many-body physis.
Traditional physial method is to introdue the orre-
lation funtions to desribe the orrelations in a many-
body system.
The extensive researhes on haraterizing entangle-
ment in quantum information siene [2℄ shed dierent
light on the problem. On one hand, orrelation funtions
are not invariant under loal unitary transformations,
whih implies that they an be regarded only as orrela-
tion witnesses but not as legitimate orrelation measures
[3, 4℄. On the other hand, the information based view-
point an be instrutive in haraterizing orrelations in
a multipartite quantum state.
In the information viewpoint, the degree of the to-
tal orrelation [5℄ in a multipartite quantum system is
equal to the dierene between the sum of von Neumann
entropies of all the subsystems and the von Neumann
entropy of the whole system. There are two dierent
shemes to lassify the total orrelation: one is to distin-
guish the total orrelation into quantum orrelation and
lassial orrelation [3, 6℄, the other is to divide the total
orrelation into pairwise orrelation, triplewise orrela-
tion, et..
The onept of irreduible n-party orrelation in an
n-partite quantum state was rst proposed in Ref. [7℄.
We generalized it to irreduible m-party (2 ≤ m ≤ N)
orrelation in an n-partite state, and proposed that all
the irreduible m-party orrelations onstrut a lassi-
ation of the total orrelation [8, 9℄. It is worthy to note
that, in lassial information ommunity, the irreduible
m-party orrelations in a joint probability distribution
of n lassial random variables were investigated in Ref.
[10, 11℄.
The degree of irreduible multiparty orrelations in a
multipartite quantum state, like many important quan-
tities in quantum information siene, suh as the mea-
sure of entanglement [12℄ and the apaity of a quantum
hannel [13, 14℄, are dened as an optimization problem,
whih makes their alulations beome extremely di-
ult. These omputational diulties almost prevent any
pratial appliation of these measures in a real physial
problem. Therefore it is of great signiane to develop
an eient algorithm to alulate them for a general mul-
tiparty quantum state.
In Ref. [8℄, we proposed a ontinuity approah that
redues the alulations of irreduible multiparty orre-
lations in a multiparty quantum state without maximal
rank to the alulations of irreduible multiparty orrela-
tions in a series of multiparty quantum states with max-
imal rank. Although theorem 1 in Ref. [8℄ tells us the
form of a maximal rank state without higher order ir-
reduible multiparty orrelations, however, this theorem
does not solve the problem on the alulations of irre-
duible multiparty orrelations for a general multiparty
quantum state with maximal rank. This is why we solve
the alulations only for some spei lasses of states
in Ref. [8℄. In other words, we have not a systemati
method to alulate the irreduible multiparty orrela-
tions for a state with maximal rank.
In this Letter, we develop an eient systemati nu-
merial algorithm on the alulations of the degrees of
irreduible multiparty orrelations for a general multi-
partite quantum state.The advantages of our algorithm
is that it is independent of initial values of variables, and
we nd it is eient for an arbitrary quantum state of up
to ve qubits. To the best of our knowledge, it is for the
rst time that we have the apaity to deal with the de-
tailed analysis of the orrelations in a general multiparty
state of up to ve qubits.
Notations and Denitions. The Hilbert spae of
an n-partite quantum system is denoted by H[n] ≡∏n
i=1⊗H
(i)
, where [n] is the set {1, 2, · · · , n}, and H(i)
is the Hilbert spae of party i whose dimension is
di. The inner produt of two operators A
(i)
and B(i)
in the Hilbert spae H(i) is dened as 〈A(i)|B(i)〉 =
1
di
Tr(A(i)†B(i)) [15℄. The prefator 1
di
is introdued
to satisfy the normalization ondition 〈I(i)|I(i)〉 = 1,
2where I(i) is the identity operator in the Hilbert spae
Hi. Thus we an introdue an orthonormal Hermitian
operator basis {O
(i)
ai , ai ∈ {0, 1, · · · , d
2
i − 1}}. In par-
tiular, we take O
(i)
0 to be the identity operator I
(i)
.
Any operator A(i) an be expanded in this basis as
A(i) =
∑
ai
O
(i)
ai 〈O
(i)
ai |A
(i)〉. Further more, the opera-
tor A[n] in the n-party Hilbert spae an be expanded
as A[n] =
∑
a(n)O
[n]
a(n)〈O
[n]
a(n)|A
[n]〉, where a(n) is the set
{a1, a2, · · · , an}, and O
[n]
a(n) is an abbreviated notation for∏n
i=1O
(i)
ai . If the operator A
[n]
is the Hamiltonian of an
n-party system, the terms to desribe m-party intera-
tions (1 ≤ m ≤ n) satisfy the ondition N0(a(n)) = n−m
with N0(a(n)) =
∑
ai
δ0ai .
Without loss of generality, we onsider an n-party
quantum state ρ[n] with maximal rank, whih an be ex-
panded as
ρ[n] =
∑
a(n)
O
[n]
a(n)〈O
[n]
a(n)|ρ
[n]〉. (1)
Beause the state ρ[n] is positive denite, we an dene
ln ρ[n] uniquely as a Hermitian operator. Then we an
apply the above expansion to ln ρ[n] to obtain
ln ρ[n] =
∑
a(n)
O
[n]
a(n)〈O
[n]
a(n)| ln ρ
[n]〉. (2)
The ondition Trρ[n] = 1 implies that the oeient
〈O
[n]
0(n)| ln ρ
[n]〉 an be determined by the other oeients
〈O
[n]
a˜(n)| ln ρ
[n]〉. Here 0(n) is the set a(n) with ai = 0 for
i ∈ [n], and a˜(n) is the same as a(n) exept 0(n). Com-
pared with the expansion (1), the obvious advantage of
the expansion (2) is that it ensures the positivity of ρ[n]
automatially. Further more, a one-to-one map between
the state ρ[n] with maximal rank and the set of real o-
eients {〈O
[n]
a˜(n)| ln ρ
[n]〉} an be built. The existene
of suh a one-to-one map is an essential element in our
numerial algorithm.
To make use of the expansion (2), we adopt the equiv-
alent denitions of the degrees of irreduible multiparty
orrelations in a multiparty quantum state given in Ref.
[9℄ but not the original denitions proposed in Ref. [7, 8℄.
If we adopt the original denition, then the optimization
is made under the expansion (1) , whih makes the opti-
mization almost impossible beause of the onstraint of
semipositivity of a density matrix. In Ref. [9℄, we give
the denitions on the degrees of irreduible multiparty
orrelations for a three-qubit system. Now the deni-
tions are generalized for a general multipartite quantum
state with a nite dimensional Hilbert spae as follows.
We rst dene the set of the n-party states without
more-than-m-party irreduible orrelations as
Bm ≡ {σ
[n]|〈O
[n]
a(n)| lnσ
[n]〉 = 0, ∀N0(a(n)) < n−m}.
(3)
Next we nd the state in the set Bm that is least distin-
guishable with the state ρ[n]
ρ[n]m ≡ arg min
σ[n]∈Bm
S(ρ[n]||σ[n]), (4)
where the quantum relative entropy [16℄ S(ρ||ρ′) =
Tr(ρ(ln ρ − ln ρ′)) for two quantum states ρ and ρ′ in
the same Hilbert spae. Then the degree of irreduible
m-party orrelation is dened as
Cm(ρ
[n]) ≡ S(ρ[n]m ||ρ
[n]
m−1). (5)
In addition, the degree of the total orrelation is dened
by
CT (ρ
[n]) ≡ S(ρ[n]||ρ
[n]
1 ). (6)
Using the same arguments given in Ref. [9℄, we an show
that CT (ρ
[n]) =
∑n
m=2 Cm(ρ
[n]) =
∑n
i=1 S(ρ
(i))−S(ρ[n])
with the von Neaumann entropy S(ρ) = −Tr(ρ ln ρ) for
a quantum state ρ.
Numerial Algorithm. In the above optimization
problem, it is an essential task to nd out the state ρ
[n]
m for
a given state ρ[n]. It is possible to diretly solve Eq. (4)
to obtain the state ρ
[n]
m . However, it is doutful whether
the solution we nd is a loal minimum or a global min-
imum. Fortunately, the optimization problem (4) an be
transformed into the following system of nonlinear equa-
tions:
〈O
[n]
a(n)| ln ρ
[n]
m 〉 = 0, ∀N0(a(n)) < n−m, (7)
〈O
[n]
a(n)|ρ
[n]
m 〉 = 〈O
[n]
a(n)|ρ
[n]〉, ∀N0(a(n)) ≥ m. (8)
In Ref. [9℄, we proved that there exists a unique real
solution of {〈O
[n]
a˜(n)| ln ρ
[n]
m 〉} satisfying the above system
of equations for a three-qubit system. This result is also
valid for a general multipartite quantum state with a -
nite dimensional Hilbert spae. Here we neglet the proof
beause it is a simple generalization for the three-qubit
ase. Thus we have two dierent ways to use the system
of equations (7, 8). On one hand, we an use them to
verify whether the solution of the optimization problem
(4) is orret. On the other hand, we an diretly use the
optimization method to solve them to obtain the states
ρ
[n]
m . In our present numerial algorithm, we adopt the
latter method in appliation of the system of equations
(7, 8). We want to emphasize that Eq. (2) is used to
represent a multipartite quantum state in our algorithm.
For an optimization problem, one of the key skills is to
hoose a proper initial value. Here we adopt a ontinuity
approah to hoose a proper initial value for any n-partite
quantum state ρ[n]. We onsider a seriers of states
ρ[n](p0) = p0
I [n]
d[n]
+ (1 − p0)ρ
[n]. (9)
3We take p0 = 1 −
k
N
with k ∈ {0, · · · , N}, where N is
a large positive integer. Obviously, ρ[n](k = 0) = I
[n]
d[n]
,
ρ[n](k = N) = ρ[n], and 〈O
[n]
a˜(n)| ln ρ
[n]
m (k = 0)〉 = 0. We
take the values of {〈O
[n]
a˜(n)| ln ρ
[n]
m (k)〉} as the initial values
of {〈O
[n]
a˜(n)| ln ρ
[n]
m (k + 1)〉} for k = 0, 1, · · · , N − 1.
The basi idea under the above approah is based
on the ontinuity priniple, more preisely, the state
ρ[n](k + 1) is very similar to the state ρ[n](k), so the
values of {〈O
[n]
a˜(n)| ln ρ
[n]
m (k + 1)〉} is also near the values
{〈O
[n]
a˜(n)| ln ρ
[n]
m (k)〉}. The pratie of our omputations
shows that our seletion of initial values makes the algo-
rithm beome eient. The ost of the algorithm is that
we alulate the degrees of irreduible multiparty orre-
lations for a series of states ρ[n](p0) instead of a single
state ρ[n].
An obvious advantage is that the hoose of initial val-
ues in our algorithm is independent of the state ρ[n]. In
other words, our algorithm makes the omputation of a
general multiparty state beome eient. In my personal
omputer, it is eient for any state up to ve qubits. To
the best of my knowledge, it is the best results on mul-
tiparty orrelations in a multiparty state we obtained so
far.
Numerial results. We will demonstrate the power of
our numerial algorithm by expliitly giving the results
on irreduible multiparty orrelations for some typial
multiparty states: the 4-qubit GHZ state [17℄, the four-
qubit Smolin state [18℄, and the 5-qubit W state [19℄.
The rst state we onsider is the n-qubit GHZ state
|GHZn〉 =
1√
2
(
∏n
i=1⊗|0〉i +
∏n
i=1⊗|1〉i). The degrees of
irreduible multiparty orrelations on the 4-qubit GHZ
state are given in Figure 1. The total orrelation in the
state is 4 bits, and it is lassied into 3 bits of irreduible
two-qubit orrelation and 1 bit of irreduible four-qubit
orrelation. These results are the same as those given in
Ref. [8℄, and they are onsistent with the onlusion in
Ref. [20, 21℄.
The seond state we onsider is the 4-qubit Smolin
state, whose density matrix is simply given by ρ
[4]
smo
=
1
16 (I
[4]+
∏4
i=1 σ
(i)
x +
∏4
i=1 σ
(i)
z ). We nd that there exists
2 bits of orrelation in the state, and they are irreduible
4-qubit orrelations, whih is shown in Figure 2. From
the density matrix of the Smolin state, we know that it
is also a generalized stabilizer state dened in Ref. [8℄.
In this sense, the numerial results also verify the results
in Ref. [8℄.
The third state we onsider is the 5-qubit W state
|W5〉 =
1√
n
∑n
i=1 σ
(i)
x
∏5
j=1⊗|0〉j. Our numerial results
show that only irreduible two-qubit orrelations exist in
the W state, whih support the onlusion in Ref. ([22℄).
In the range of our numerial results, we nd that
the degree of the total orrelation CT is a non-inreasing
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Figure 1: The degrees of irreduible multiparty
orrelations for the 4-qubit GHZ state.
0 0.2 0.4 0.6 0.8 10
0.5
1
1.5
2
p0
 
 
C4
C3
C2
CT
Figure 2: The degrees of irreduible multiparty
orrelations for the four-qubit Smolin state
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Figure 3: The degrees of irredible multiparty
orrelations of the 5-qubit W state.
4funtion of p0, however, the degree of irreduiblem-party
orrelation an inrease with inreasing p0 (see, for exam-
ple, Figure 3). Atually we an prove that CT (ρ
[n](p0))
is a non-inreasing funtion of p0 for any n-party state
ρ[n] as follows. We an imagine that every subsystems of
the n-partite quantum system pass through a depolarized
hannel [23℄, then the quantum state ρ[n] evolves aord-
ing to Eq. (9) in the diretion of inreasing p0. In the
proess, only loal operations at on the state ρ[n], and
the degree of total orrelation does not inrease under lo-
al operations, therefore CT (ρ
[n](p0)) is a non-inreasing
funtion of p0 for any n-party state ρ
[n]
.
In addition, the fat Cm (m = 3, 4, 5) is not a non-
inreasing for a 5-qubit W state gives another example
to support one of the main results in Ref. [9℄: loal
operations an transform lower order orrelations into
higher order orrelations.
Disussions and summary. The alulations of the
degrees of irreduible multiparty orrelations for an arbi-
trary multiparty quantum state are hallenging beause
they are dened as the onstraint optimization prob-
lems over all the multiparty quantum states in the whole
Hilbert spae. In this Letter, we develop an eient nu-
merial method to alulate the degrees of irreduible
multiparty orrelations for any multipartite quantum
state, whih is based on the following two key elements.
One key element in our algorithm is that we adopt
the expansion of a multipartite state in the exponential
form (2). First, it ensures the positivity of the state
automatially. Seond, although the independent vari-
bles {〈O
[n]
a˜(n)| ln ρ
[n]〉} an take the limit to innity, the
state ρ[n] is always well dened beause of the onstraint
Trρ[n] = 1. In this sense, the state without maximal
rank are naturally ontained in this expansion if the o-
eients an limit to innity. This makes our algorithm
eetive for arbitrary multiparty states.
The other key element is related to the seletion of the
initial values of variables, more preisely, the formula (9).
It makes our algorithm independent on the initial values
of variables, and greatly enhanes the eieny of our
algorithm.
In summary, we present an eient numerial algo-
rithm on the alulations of the degrees of irreduible
multiparty orrelations in a multiparty quantum state.
Our algorithm is valid for arbitrary quantum states up
to ve qubits in my personal omputer, and it is a univer-
sal algorithm whose eieny does not depend strongly
on the multipartite quantum state. We demonstrate the
power of our algorithm by expliitly giving the results for
the 4-qubit GHZ state, the Smolin state, and the 5-qubit
W state, whih are onsistent with previous results. We
hope that our development of this algorithm will provide
a powerful tool to analyze the orrelation distributions
in a multipartite quantum state, and thus takes a ru-
ial step towards the pratial appliations of irreduible
multiparty orrelations in real quantum many-body sys-
tems.
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